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. Stokes , , 3





$\mathrm{C}\mathrm{G}$ , $\mathrm{G}\mathrm{C}\mathrm{R}(k)$ .
2.
3 , Stokes . $\Omega$ 3
.
$\Omega=\{X\in. \mathbb{R}3;R_{1}<|x|<R_{2}\}$
$|x|$ $x=(X_{1}, X_{23}, X)$ . $R_{1}$ , $R_{2}$ .
$\Gamma=\partial\Omega$ $\Gamma_{1},$ $\Gamma_{2}$ $\Gamma_{i}=\{x\in \mathbb{R}^{3} ; |x|=R_{1}\},$ $(i=1,2)$ . $\Omega$










$\sigma$ , $D_{ij}(u):= \frac{1}{2}(\partial_{j}u_{i}+\partial_{i}u_{j})(1\leq i, j\leq 3.),$ $3\cross 3$
$I$ ,
$\sigma(u,p):=2D(u)-pI$
. $( \nabla\otimes\sigma(u,p))_{i}:=\sum_{j=1}3\partial j\sigma_{ij(u,p)}(1\leq i\leq 3)$ . $n$
, $t^{(1)},$ $t^{(2)}$ .
, 1 .
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3. $\mathrm{P}1/\mathrm{P}1$
3 Stokes , $P2/P1$
, , . , ,
, $P1/P1$ . , $P1/P1$ Stokes
.
, 2 Galerkin [3] .
$\overline{\Omega}_{h}$ : $\overline{\Omega}=\bigcup_{K\in \mathcal{T}_{h}}\overline{K}$ . $\Omega_{h}$ $\Omega$ , $h_{K}$
$K$ , $h$ . $S_{h}(\subset H^{1}(\Omega_{h})\cap c^{0}(\overline{\Omega}_{h}))$ $P1$
– . , ,
.
$W_{h}:=\{v_{h}\in S_{h}^{3} ; (v_{h}\cdot n_{\Omega})(P)=0(\forall P)\}$ ,
$V_{h}:=\{v_{h}\in W_{h} ; (v_{h}, v^{(k)})_{h}=0(k=1,2,3)\}$ ,
$M_{h}:=S_{h},$ $Q_{h}:=\{q_{h}\in S_{h} ; (q_{h}, 1)_{h}=0\}$ .
, $v^{(k)}(k=1,2,3)$ . $x_{k}$
$e^{(k)}$ , $v^{(k)}(x)=e^{(k)}\cross x$ . $V_{h}\cross Q_{h}$
Stokes – . $P$ $\partial\Omega_{h}$ , $n_{\Omega}$ $\partial\Omega$
. $(\cdot, \cdot)_{h}$ $L^{2}(\Omega_{h})$ $L^{2}(\Omega_{h})^{3}$ . $u,$ $v\in S_{h}^{3},$ $q\in S_{h}$
, – .
$a_{h}(u, v):=2 \int_{\Omega_{h}}\sum_{1\leq i,j\leq 3}D_{ij(}u)D_{ij}(v)d_{X}$ ,
$b_{h}(v, q):=- \int_{\Omega_{h}}\nabla\cdot vqd_{X}$.
$(P_{h})$ $(u_{h}, p_{h})\in V_{h}\mathrm{x}Q_{h}$ .
$(P_{h})\{$
$a_{h}(u_{h},$ $v_{h})+b_{h}(v_{h},$ $p_{h})=(f,$ $v_{h})_{h}$ , $v_{h}\in V_{h}$
$b_{h}(u_{h}, q_{h})$
.
$- \delta\sum h_{K}2(\nabla_{Ph}, \nabla q_{h})_{K}=-\delta\sum h_{K(f}^{2},$ $\nabla q_{h})_{K}$ , $q_{h}\in Q_{h}$ .
$K\in \mathcal{T}_{h}$ $K\in \mathcal{T}_{h}$
$(\cdot, \cdot)_{K}$ $K$ . $\delta$ .
$(P_{h})$ $f\in L^{2}(\Omega)^{3}$
$(f, v^{(k)})_{h}=0$ , $(1\leq\forall k\leq 3)$
– , 1 [7].
4.





$N_{W}=\dim W_{h},$ $N_{M}=\dim M_{h}$ , , , ,
$W_{h}=\mathrm{s}_{\mathrm{P}}\mathrm{a}\mathrm{n}[\varphi 1, \cdots\varphi_{N}W]$ ,
$M_{h}--\mathrm{s}\mathrm{p}\mathrm{a}\mathrm{n}[\psi_{1}, \cdots\psi_{N_{M}}]$
, $\{U_{j}\}_{j=1}^{N}W,$ $\{P_{j}\}_{=1},M$ : $u_{h}\in W_{h},$ $u_{h}= \sum_{j=1j\varphi j}^{N_{W}}U,$ $p_{h}\in$
$M_{h},$ $p_{h}= \sum_{j}^{N_{M}}=1P\psi_{j}j$ .
– , .
$(A)_{ij}$ $:=a_{h}(\varphi j, \varphi i)$ , $1\leq i,j\leq N_{W}$ ,
$(B)_{ij}$ $:=b_{h}(\varphi j, \psi_{i})$ , $1\leq i\leq N_{M},$ $1\leq j\leq N_{W}$ ,
$(D)_{ij}$ $:= \sum h_{K}^{2}(\nabla\psi_{j}, \nabla\psi_{i})_{K}$ , $1\leq i,j\leq N_{M}$ ,
$K\in \mathcal{T}_{h}$
$(F)_{i}$ $:=(f_{h}, \varphi_{i})_{h}$ , $1\leq i\leq N_{W}$ ,
$(G)_{i}$ $:= \sum h_{K}^{2}(f_{h}, \nabla\varphi_{i})_{K}$ , $1\leq i\leq N_{M}$ .
$K\in \mathcal{T}_{h}^{\cdot}$
$f_{h}$ $f$ $W_{h}$ .
$V^{(k)}\in \mathbb{R}^{N_{W}}$ $v^{(k)}$ : $v^{(k)}= \sum_{j=1j}^{N_{W}}V^{(k}$ ) $\varphi$” $C=$
$(1,1, \cdots, 1)^{T}\in \mathbb{R}^{N_{M}}$ .
$N_{V}:=\mathrm{s}\mathrm{p}\mathrm{a}\mathrm{n}[V^{(1)}, V^{(2}),$ $V(3)]$ ,
$N_{Q}:=\mathrm{s}_{\mathrm{P}^{\mathrm{a}\mathrm{n}[}}c]$
, , $P_{V},$ $P_{C}$ :
$P_{V}$ : $\mathbb{R}^{N_{W}}arrow N_{V}^{\perp}$ , $P_{V}U=U- \sum_{k=1}^{3}\frac{(U,V^{(k)})}{||V^{(k})||^{2}}V^{(}k$), $U\in \mathbb{R}^{N_{W}}\mathrm{J}$
$P_{Q}$ : $\mathbb{R}^{N_{M}}arrow N_{Q}^{\perp}$ , $P_{Q}P=P- \frac{(P,C)}{||C||^{2}}C,$ $P\in \mathbb{R}^{N_{M}}$ .
1. $A$ $N_{V}^{\perp}$ .
2. $D$ $N_{Q}^{\perp}$ .
$(P_{h})$ –
$(M_{1})$ $A_{1}=\cdot=arrow=$ .
. $G$ $(G, C)_{\mathbb{R}}NM=0$ ; $\text{ }\mathrm{B}^{\backslash ^{\backslash }}\searrow b\text{ },PQG=c$ .
3. $A_{1}$
$N:=\mathrm{s}\mathrm{p}\mathrm{a}\mathrm{n}[(V(1), 0), (V^{(2)}, 0), (V^{(3)}, 0), (0, C)]$
105
.
4. $Q$ (Nw–3) $\cross(N_{\mathrm{W}}-\mathit{3})$ $\overline{A}$ ,
$A=Q^{T}Q$ , $P_{V}=,$ $Q^{T}Q$
. $I_{N_{W}-3}$ (Nw–3) $\cross(N_{W}-\mathit{3})$ .
$A\dagger=Q^{T}Q,\hat{A}=Q^{T}Q$ , $A\dagger A=A^{\uparrow}\hat{A}=P_{V}$ .
5. $BP_{V}=B$ .
$BV^{(k)}=0,$ $(k=1,2,\mathit{3})$ $\mathrm{K}\mathrm{e}\mathrm{r}P_{V}\subset \mathrm{K}\mathrm{e}\mathrm{r}B$ .
6. $A_{1}$ $N^{\perp}$ , .
$==$





7. $A_{2},$ $A_{2}^{T}$ $N$ . $A_{2}$ $N^{\perp}$ . ,




$\tilde{A}^{-1},\tilde{D}^{-1}$ $A,$ $D$ Cholesky .
$(M_{1})$ $\mathrm{C}\mathrm{G}$ , $(M_{2})$ $\mathrm{G}\mathrm{C}\mathrm{R}(k)$ .
, $b$ , $x_{n}$ . $C$ .
l-a. $(M_{1})$ $\mathrm{C}\mathrm{G}$ .
CG , , ,
, $N$ $P_{N}\perp$ . .
$C=I_{N_{W}+}N_{M}$ .
106
l-b. $(M_{1})$ SCG .
$\mathrm{C}\mathrm{G}$ , .
$C–P_{N^{\perp}}$ ,
l-c. $(M_{1})$ PCG .
$\mathrm{C}\mathrm{G}$ Cholesky .
$C=P_{N^{\perp}}$ .
2-a. $(M_{2})$ $\mathrm{G}\mathrm{C}\mathrm{R}(k)$ [2] .
$\mathrm{G}\mathrm{C}\mathrm{R}(k)$ , , ,
, $N$ $P_{N}\perp$ .
.
$C=I_{N_{W}+}N_{M}$ .
2-b. $(M_{2})$ SGCR$(k)$ .
$\mathrm{G}\mathrm{C}\mathrm{R}(k)$ , .
$C=P_{N^{\perp}}$ .




2 , $R_{1}=0.55,$ $R_{2}=1$ , $f$ .
$(r, \theta, \varphi),$ $(R_{1}\leq r\leq R_{2}, 0\leq\theta\leq\pi, 0\leq\varphi<2\pi)$
$f(r, \theta, \varphi)=e^{(r)}(\frac{1}{r}\frac{R_{2}R_{1}}{R_{2}-R_{1}}-\frac{R_{1}}{R_{2}-R_{1}}+\epsilon\sin\pi(\frac{R_{2}-r}{R_{2}-R_{1}})Y^{2}3(\theta, \varphi))$ , $\epsilon=0.1$ .
, $e^{(r)}$ $e^{(7)}(x)= \frac{x}{|x|},$ $Y_{3}^{2}$ 3 2
. 1. .
1. 2., 1., 2. .
$\hat{\mathrm{c}}=10^{-11}$ , 5, 000 . $\mathrm{G}\mathrm{C}\mathrm{R}(k)$ $=20$
. 2-b , .
CG l-c , 6
.
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1.
$h$ $\delta$ $N_{W}$ $N_{M}$
25,538 141,168 0.1384 0.1 72,842 25,538
2.
$(\log_{1}\mathrm{o})$ ( )
l-a. CG (5000) -7.861 2641.15 121, $368\mathrm{K}$
l-b. SCG 799 -11.015 449.15 $12$ ], $\mathit{3}68\mathrm{K}$
l-c. PCG -11.088
$\frac{319332.44171,112\mathrm{K}}{2- \mathrm{a}.\mathrm{G}\mathrm{C}\mathrm{R}(20)(5000)-5.0854194.29136,744\mathrm{K}}$
2-b. SGCR(20) (1500) -6.757 1265.20 $136\dot,744\mathrm{K}$
(5000) -6.758 4218.06 136,744 $\mathrm{K}$
2-c. PGCR(20) 1100 -11.004 1423.57 200,776 $\mathrm{K}$
SUN UltraSPARC II@300MHz, 2 $\mathrm{M}$ ,




$x_{0}$ : initial data
$r_{0}=P_{N^{\perp}}(b-A2^{X}0)$



















$\beta_{n,i}=-\frac{(q_{i},\overline{r}_{n+}1)}{(q_{i},q_{i})},$ $(0\leq i\leq n)$
$p_{n+1}=P_{N^{\perp}}( \tilde{r}_{n}+\sum_{i}n\beta=0n,ipi)$
$p_{n+1}=P_{N}\perp(q_{n}+1+\beta_{n}p_{n})$
$q_{n+1}=P_{N} \perp(\overline{r}_{n}+\sum_{i=0}n\beta_{n,i}qi)$
end.
end
$x_{0}=x_{k}$ , repeat.
1.
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\={o}
\={o})
$\underline{0}$
$\overline{\varpi\supset}$
$. \frac{\mathrm{o}}{y)}$
$\underline{\mathrm{q})}$
‘2. CG i
$\underline{\mathrm{o}\mathrm{o}})$
$\overline{\varpi\supset}$
$. \frac{\infty}{\mathrm{Q})q)}$
$\dot{i}\mathit{3}$ . $\mathrm{G}\mathrm{U}\mathrm{R}(k)$
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